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Tree Searching Strategies 
 
 
 

There are many problems whose solution spaces (x1, 

x2, …, xn) can be represented as trees, and their 

optimal solutions (x1
*, x2

*, …, xn
*) can be obtained by 

systematically searching the trees. 
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Ex.  The 8-puzzle problem. 

 
initial state 

 
goal state 
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 two possible moves from the initial state 
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Ex.  The hamiltonian cycle problem. 

 

 

(1, 2, 3, 4, 7, 5, 6, 1) is a hamiltonian cycle.  

 

A tree representation of the solution space. 



 5

•  Breadth-First Search  

Nodes are searched one level after another. 
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•  Depth-First Search (Backtracking) 

  

 

 

Finding a hamiltonian cycle by depth-first search. 
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•  Best-First Search 
 (Least-Cost-First Search) 

Select the next expanding node by the aid 

of an evaluation function 

For example, the number of misplacements between a 

node and the goal state can be considered in solving 

the 8-puzzle problem. 
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•  Hill Climbing  

A variant of depth-first search in which some 

heuristic method (or evaluation function) is 

applied for node branching 

 



 9

•  Branch-and-Bound     

Solve optimization problems by means of 

“hill climbing” (“branch”) and “bound” 
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Consider a min-problem (max-problem) and the 

corresponding search tree. 

Each node evaluates a lower (upper) bound on the 

best value that can be obtained from the subtree 

rooted at the node. 

The smallest (greatest) feasible value obtained thus 

far is maintained as an upper bound on the optimal 

value. 
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“branch” :  expand the node with the least lower  

  bound (greatest upper bound), similar 

   to best-first search  (i.e., select the  

  branch with the highest probability 

  of reaching an optimal node)  

 

“bound” : fathom a node if the lower bound ≥ 

  the upper bound 

  (it is impossible to get a better solution  

 than the upper bound below the node) 



 12

Ex.  The 0/1 knapsack problem.    

Consider the following instance.  

z* =  max 10x1 + 10x2 + 12x3 + 18x4 

 s.t. 2x1 + 4x2 + 6x3 + 9x4 ≤ 15 

x1, x2, x3, x4 ∈ {0, 1}  

 

Nodes ③ and ⑤ are fathomed.   
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nodes  the lower bound (lb)  

 ①         32 

 ②         32 

 ③         32 

 ④         32 

 ⑤         32 

 ⑥         32 

 ⑦         38 

 ⑧         38 

 ⑨         38 

 ⑩         38 

 ⑪         38 
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Assume that the values of  x1, x2, …, xk  of the node 

have been determined.  

Computation of lb :   

1.  Sequentially examine  xk+1, xk+2, …  and assign  

1 (0) to xi  (i ≥ k+1)  if the constraint is satisfied 

(else). 

((x1, x2, x3, x4) thus obtained is a feasible solution) 

2.  Compute f(x1, x2, x3, x4). 

3.  lb ← max{lb, f(x1, x2, x3, x4)}. 
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Computation of the upper bound (ub) : 

ub = 
1
∑
k

i i
i = 

p x
 + z 

z =  max 
1

∑
n

i i
i = k+

p x  

s.t.  
1

∑
n

i i
i = k+

w x  ≤ M − 
1
∑
k

i i
i = 

w x  

0 ≤ xi ≤ 1. 

The value of z can be computed using the greedy 

method we proposed earlier. 
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Ex.  The traveling salesman problem.  

Consider the following instance. 

 

 cost matrix   reduced cost matrix 
 (reduced cost = 25) 
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A matrix is reduced if and only if every column and 

every row contain at least one zero and all remaining 

entries are nonnegative.  

We can obtain the reduced cost matrix by subtracting 

constants from columns and rows of the cost matrix.  

The total amount (reduced cost) subtracted is a lower 

bound of the minimum traveling mileage. 
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B&B (I) : 

Assume that the traveling starts and ends at v1. 

Solution space :  (v1, a, b, c, d, v1), where abcd is  

 a permutation of v2, v3, v4, v5.  
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Every node is associated with a reduced cost matrix. 

Let A be the reduced cost matrix for node R, and S  

be a child of R such that the branch (R, S) corresponds 

to edge (i, j).  

The reduced cost matrix for S is computed as follows. 

1.  Change all entries in row i and column j of A to ∞. 

  (preventing the use of other edges leaving i or  

entering j) 

2.  Set A(j, 1) to ∞ if S is not a leaf node. 

(preventing the use of edge (j, 1)) 

3. Further reduce the cost matrix.   

Assume that the reduced cost is r. 
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reduced cost matrices 

 for node 4, r = 0  for node 6, r = 0  for node 10, r = 0 
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Computation of lb : 

lbS = lbR + A(i, j) + r, 

where lbR (lbS) is the lower bound for the node R (S). 

If S is a leaf node, then lbS is the length of the tour 

represented by S. 
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B&B(II) :  

solution space :  (x12, x13, …, x54), 

where  xij = 1 if edge (i, j) is included in the tour and  

xij = 0 else. 

 

Every tour contains five edges. 
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The following are two heuristics to select  xij  for 

branching : 

1.  Select  xij  that has a maximal lb value for the 

right subtree  (i.e.,  xij = 0). 

(The lb value is evaluated all the same as B&B (I)). 

2. Select  xij  that has a maximal difference between 

the lb values for the left  (xij = 1) and right  (xij = 0)  

subtrees.  

(Other heuristics are also possible.)  
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Assume that the heuristic 1 is adopted.   

 

Let A be the reduced cost matrix for node α. 

1.  The reduced cost matrix for node β is obtained  

all the same as B&B (I). 

2.  The reduced cost matrix for node γ is obtained  

by changing A(i, j) to ∞ and then reducing all  

rows and columns.  
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reduced cost matrices  

for node 2 for node 3 

 

reduced cost matrices 

 for node 4 for node 6 

Since every tour contains five edges, the remaining 

two available edges ((2, 5) and (4, 2)) at node 6 are 

selected.  
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Experimental results :  the ratio of 

the number of nodes generated1  
the number of nodes in the complete tree

−  

for the module assignment problem 
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•  A* Algorithms   

a special kind of branch-and-bound algorithms 

Ex.  Find a shortest path from S to T in the following 

graph. 
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A cost function f(i) is evaluated for each node i,  

which is required not to be greater than the length  

of any S-to-T path passing node i.  

Actually, f(i) is a lower bound of node i in terms of 

branch-and-bound algorithms. 

A feasible f(i) is defined as follows : 

the length of the S-to-i path plus the minimum 

distance from i to its neighboring nodes (exclusive 

of the one contained in the S-to-i path). 
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Branching by the least-cost-first scheme : 

 

 f(V1) = 2 + 2 = 4 

 f(V2) = 3 + 2 = 5 

 f(V3) = 4 + 2 = 6 
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The next branching occurs at a goal node. 

⇒ the execution terminates with the shortest path 

S → V1 → V4 → T 

The cost of a goal node is an upper bound in terms of 

branch-and-bound algorithms. 
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Program Assignment 2 : 

Write an executable program to solve the 0/1 

knapsack problem and compute the ratio of 

the number of nodes generated1  
the number of nodes in the complete tree

− . 

  

 


